An analysis of supersymmetric dark matter under the Yukawa unification constraint is given. The analysis utilizes the recently discovered region of the parameter space of models with gaugino mass nonuniversalities where large negative supersymmetric corrections to the b quark mass appear to allow b − τ unification for a positive µ sign consistent with the b → s + γ and g µ − 2 constraints. In the present analysis we use the revised theoretical
Introduction
Recently supersymmetric dark matter has come under a great deal of scrutiny due to the fact that the neutralino-proton cross sections for a wide class of supersymmetric models fall within the range that is accessible to the current and planned dark matter experiments [1, 2, 3, 4, 5] . Thus some recent studies have included a variety of effects in the predictions of relic densities and of detection rates in the direct and in the indirect detection of dark matter [6] . These include the effects of nonuniversality of the scalar masses at the unification scale [7] , effects of CP violation with EDM constraints [8] , effects of coannihilation [9] , the effects of the g µ −2 constraint, as well as the effect of variations of the WIMP velocity [10, 11, 12] , and the effects of rotation of the galaxy [13] in the prediction of detection rates for the direct and the indirect detection of dark matter. In this work we focus on the effects of constraints of Yukawa unification on dark matter. This topic has largely not been addressed in the literature, except for the work of Ref. [14] which, however, does not take account of gaugino mass nonuniversalities which is an important element of the present work. We focus on models where Yukawa unification occurs for µ positive (we use the sign convention of Ref. [15] ) consistent with the b → s + γ and the g µ − 2 constraint from Brookhaven. The outline of the rest of the paper is as follows: In Sec.2 we discuss the framework of the analysis. In Sec.3 we discuss the g µ − 2 constraint which affects dark matter analyses. This constraint requires a revision because of a recent reevaluation of the light by light hadronic contribution to g µ − 2. In Sec.4 we discuss the results for the satisfaction of the relic density limits under Yukawa unification constraint with µ > 0. In Sec.5 we discuss the neutralino-proton cross sections including the effect of a new determination of the pion-nucleon sigma term. In Sec.6 we give conclusions.
Theoretical Framework
The primary quantity of interest in the study of dark matter is Ω χ h 2 where Ω χ = ρ χ /ρ c , where ρ χ is the neutralino relic density, ρ c = 3H 2 0 /8πG N is the critical matter density, and h is the value of the Hubble parameter H 0 in units of 100 km/sMpc. Experimentally the limit on h from the Hubble Space Telescope is h = 0.71 ± 0.03 ± 0.07 [16] . The total Ω = Ω m + Ω Λ where Ω m is the total matter density and Ω Λ is the dark energy density.
For Ω m we assume the simple model Ω m = Ω B + Ω χ , where Ω B is the baryonic component and Ω χ is the neutralino component which we assume constitutes the entire dark matter.
Using the recent analysis of Ω m which gives [17] Ω m = 0.3 ± 0.08 and assuming Ω B ≃ 0.05, one finds Ω χ h 2 = 0.126 ± 0.043 (1) With the above numerics and using a rather liberal error corridor we have the following
In the determination of the neutralino relic density we use the standard techniques and
compute Ω χ h 2 using the formula
In the above
Tχ Tγ

3
is the reheating factor, N f is the number of degrees of freedom at the freeze-out temperature T f and x f = kT f /mχ. The determination of J(x f ) is carried out using the accurate techniques developed in Ref. [18] .
It is known that gaugino mass nonuniversalities can significantly affect neutralino relic densities and dark matter searches. Specifically in Ref. [19] an analysis of the effects of nonuniversalities of the gaugino masses on dark matter was carried out in the framework of SU (5) grand unification and in D brane models. We note in passing that there is no rigid relationship between the ratios of SU(3) × SU(2) × U(1) gauge coupling constants at the GUT scale (M G ∼ 2 × 10 16 GeV) and the ratio of SU(3), SU (2) , and U (1) gaugino masses at the GUT scale. The ratios of the gauge coupling constants at the GUT scale are determined purely by the GUT group, while the gaugino masses are soft SUSY breaking parameters which involve both GUT and Planck scale physics. This topic has been discussed in several works (see for example, Refs. [19, 20, 21] and the references therein). For the present analysis we assume nonuniversality of gaugino masses and impose unification of gauge coupling constants at the GUT scale. Returning to the general structure of the gaugino masses one finds that for the case of SU (5) 
one finds that in general the gaugino masses are nonuniversal at the GUT scale arising from nonuniversalities due to the 24, 75 and 200 plet on the right hand side and one may in general write the SU(3) × SU(2) × U(1) gaugino masses as a sum
where n r i are characteristic of the representation r and c r are relative weights of the representations in the sum. Specifically the SU(3), SU (2) , and U(1) gaugino masses at the GUT scale for different representations have the following ratios [20] :
are in the ratio 2 : −3 : −1 for the 24 plet, in the ratio 1 : 3 : −5 for the 75 plet, and in the ratio 1 : 2 : 10 for the 200 plet. The 24 plet case is of special interest for reasons which we now explain. It is known that the sign of the supersymmetric contribution to a µ is directly correlated with the sign of µ [22] in mSUGRA [23] and in other models which share the same generic features as mSUGRA. Thus in mSUGRA one finds that a SU SY µ > 0 for µ > 0 and a SU SY µ < 0 for µ < 0. Since experiment indicates a SU SY µ > 0 one infers that the sign of µ is positive [24] . The µ sign is also of relevance for the satisfaction of the b → s + γ constraint. It is known that the b → s + γ constraint favors a positive value of µ [25, 26] .
However, a problem arises because b − τ unification appears to favor a negative value of µ [27, 28] . This is so because the supersymmetric correction to the b quark mass from the dominant gluino exchange contribution [29] is negative for µ negative and a negative contribution to the b quark mass helps b − τ unification. Several works have appeared recently which explore ways to help resolve this problem [30, 31, 32, 33] . Specifically it was pointed out in Ref. [33] that gaugino mass nonuniversalities possess a mechanism which can generate a negative contribution to the b quark mass for a positive µ. In the context of SU(5) the mechanism arises from the gaugino mass ratios coming from the 24 plet of SU (5) in Eq. (4) . For this case it was shown that an a SU SY µ > 0 naturally leads to a negative correction to the b quark mass even for µ > 0. This phenomenon comes about because the gluino exchange contribution to the b quark mass is proportional to µm 3 and the opposite sign correlation betweenm 2 andm 3 natually leads to a negative contribution to the b quark mass. In this case one finds that all the constraints including b − τ unification and the b → s + γ constraint are easily satisfied.
One can investigate the phenomenon discussed above also in the context of SO (10) .
Here in general the gaugino masses will lie in the symmetric SO (10) 
The standard model prediction for this quantity consists of [36] the O(α 5 ) qed correction, the one and the two loop electro-weak corrections and the hadronic correction [37] . The hadronic correction has been rather controversial [38] . 
which is a 1.6σ deviation between experiment and theory. We discuss now the implications of this constraint relative to the case when one had a ≤ 800 GeV for a range of tan β values of tan β ≤ 55 [24] . These ranges are well within the discovery limit of the Large Hadron Collider [43] .
Since the reevaluated difference a 
Yukawa Unification and Relic Density Analysis
We turn now to the main theme of the paper which is the analysis of dark matter under the Yukawa unification constraints. As discussed in Ref. [33] we define the Yukawa coupling unification parameter δ ij for the Yukawa couplings λ i an λ j so that
where λ ij = (λ i + λ j )/2 and δ ij defines the degree of unification. As is well known dark matter analysis is very sensitive to the b → s + γ constraint. There are several recent experimental determinations of b → s + γ i.e., CLEO [45] , BELLE [46] and [47] and we use their weighted mean. Analyses of the theoretical prediction of the Standard Model including the leading order and the next to leading order corrections for this branching ratio have been given by several authors [48] . In our analysis we use a 2σ corridor in the difference between experiment and the prediction of the Standard Model to constrain our theoretical analysis of the supersymmetric contribution. First we discuss the SU (5) case where we consider the gaugino mass nonuniversality at the GUT scale from the 24 plet representation as discussed in the paragraph following Eq. (5). The remaining soft SUSY breaking parameters in the theory are assumed universal.
We begin by discussing the allowed parameter space in the m 0 − C 24 * m1 . The result of analysis of the allowed parameter space in the 54 plet case is given in Fig. 2(b) for values of tan β of 5, 10, 30 and 45. The regions with patterns are discarded for reasons similar to as in Fig. 2 
(a).
There is no discernible change in these results due to modest variations (up to 50%) in the assumed nonuniversality (i.e., deviations of m We give now the relic density analysis. As a guide we use the unification criterion δ bτ ≤ 0.3. In Fig. 3(a) we plot Ω χ h 2 vs tan β for the following range of parameters:
0 < m 0 < 2000 GeV, −1000 GeV < c 24 m1
2 < 1000 GeV, −6000 GeV < A 0 < 6000 GeV and µ > 0. The small crosses are the points that satisfy the g µ − 2 constraint, the filled squares additionally satisfy the b → s + γ constraint and the filled ovals satisfy all the constraints, ie., the g µ − 2 constraint, the b → s + γ constraint and the b − τ unification constraint with δ bτ ≤ 0.3. One finds that there exist significant regions of the parameter space as given by filled ovals where all the constraints are satisfied. The horizontal lines indicate the allowed corridor for the relic density as given by Eq. (2) . A plot of Ω χ h 2 vs m 0 for exactly the same ranges of the parameter space as in Fig. 3(a) is given in Fig. 3(b) .
A similar plot of Ω χ h 2 as a function of c 24 * m1 2 is given in Fig. 3(c) . In Fig. 3(d) we
give a plot of Ω χ h 2 vs A 0 and in Fig. 3 (e) we give a plot of Ω χ h 2 as a function of the LSP mass m χ . The paucity of points in the region around the neutralino mass of 45 GeV in the allowed corridor of relic density in Fig. 3 (e) is due to the rapid s-channel Z pole annihilation and also due to the s-channel Higgs pole annihilation in the region below m χ ∼ 60 GeV. Finally in Fig. 3(f) we give a plot of Ω χ h 2 vs δ bτ . One finds that there exist regions of the parameter space where b − τ unification even at the level of a few percent consistent with the relic density and other constraints can be satisfied.
We discuss next the SO(10) case with gaugino mass nonuniversality of the type M 3 :
: −1 as given in the paragraph following Eq. (6) . As noted earlier in this case the pattern of relative signs of the gaugino masses is similar to that for the 24 plet case. In the analysis we impose not only the b − τ Yukawa unification but also b − t and t − τ Yukawa unification [49] . Extrapolating from the SU (5) case we impose the following constraints on δ bτ , δ bt and δ tτ : all δ ij ≤ 0.3. In Figs. 4(a) we plot Ω χ h 2 vs tan β for for the same range of parameters as in Fig. 3(a) . The symbols used in Fig. 4(a) , i.e., the small crosses, the filled squares and the filled ovals also have the same meaning as in Fig. 3(a) except that the filled ovals now include all the Yukawa unification constraints, i.e., δ bτ , δ bt , δ tτ ≤ 0.3. Fig. 4(a) shows that there exist significant regions of the parameter space as given by filled ovals where all the constraints including the Yukawa unification constraints are satisfied. The horizontal lines indicate the allowed corridor for the relic density as given by Eq.(2). In Fig. 4(b) we give a plot of Ω χ h 2 vs m 0 for exactly the same ranges of the parameter space as in Fig. 4(a) . A similar plot of Ω χ h 2 as a function of c 54 * m1 2 is given in Fig. 4(c) . In Fig. 4(d) we give a plot of Ω χ h 2 vs A 0 and in 
For the 24 plet case one finds that typically over most of the parameter space α 2 +β 2 > 0.75 while for the 54 plet case over most of the parameter space one has α 2 + β 2 > 0.03. While the dominant component in all cases is the Bino [50] , in the 24 plet case one could also have a significant higgsino component to the LSP while for the 54 plet case the Bino purity of the LSP is rather high. We have carried a similar analysis for the relic density for the second SO(10) case discussed in Sec.2 where
: 1 (we label it as the 54 ′ case). We do not exhibit the details as this case appears marginal in the sense that the allowed neutralino mass range is very small after the LEP limit on m χ > 32.3
GeV is imposed. One should keep in mind, however, that the LEP limit is a generic limit and is not deduced specifically for the model under discussion. Still this case has rather low neutralino mass upper limit in any case. For the sake of completeness we will discuss the neutralino-proton cross sections for this case also in Sec.5.
The allowed mass ranges for the three cases discussed above, i.e., 24, 54 and 54 ′ cases are given in Table 1 . The spectrum of Table 1 satisfies all the desired constraints, i.e., g µ − 2, b → s + γ and Yukawa unification constraints as discussed above. A remarkable aspect of Table 1 is that the b − τ unification constraint implies a rather low Higgs boson mass. Since tan β values for scenarios with b − τ unification imply rather high values of tan β, the experimental lower limits from LEP for large tan β are rather low, i.e., m h > 91
GeV [52] . Thus the higgs mass ranges listed in Table 1 are all consistent with the current experimental limits. Further, these limits are tantalizingly close to observation at RUNII of the Tevatron. Further, the spectrum for all the three cases listed Table I is accessible to the LHC. As noted earlier the 54 ′ case has only a very narrow allowed range in neutralino mass and could be tested or eliminated by data with a modest improvement in energy. 
Maximum and minimum neutralino-proton cross section
In the analysis of neutralino-proton cross section σ χ−p we restrict ourselves to the CP conserving case. Here the χ−p scattering is governed by the four Fermi interaction L ef f = χγ µ γ 5 χqγ µ (AP L + BP R )q + Cχχm+ Dχγ 5 χmγ 5 q + Eχiγ 5 χm+ Fχχmiγ 5 q. We are specifically interested in neutralino scattering from heavy targets. This scattering is dominated by the scalar interactions and in this case the χ − p cross-section is given by
In the above f Ref. [19] that it is convenient to parameterize the form factors f
where σ πN , x and ξ are defined by σ πN =< p|2
, and x = σ 0 /σ πN =< p|ūu +dd − 2ss|p > (< p|ūu +dd|p >) −1 . Quark densities for the neutron are related to the proton quark densities by [19] 
. Baryon mass splittings can be used to determine the ratio ξ/x and one finds [19] ξ/x = 0.196. Using various determinations of σ 0 and σ πN , x was estimated in Ref. [19] to be x = 0.67 ± 0.18 which gives [19] It has been pointed out recently [51] that an analysis of σ πN [53] using new pion-nucleon scattering data [54] leads to a significantly larger neutralino-nucleon cross section. Thus the new determination of σ πN [53] lies in the range 55 MeV ≤ σ πN ≤ 73 MeV which is much larger than the previous determinations (see, e.g., Ref. [19] ). Using the new determination of σ πN and repeating the analysis of Ref. [19] we find x = 0.55 ± 0.12 and ξ = 0.108 ± 0.024. These lead to the following new determinations for the quark densities (12) We use these new quark densities in our numerical analysis. In Fig. 5(a) we exhibit the neutralino-proton scalar cross section vs the neutralino mass m χ for the nonuniversal case of Fig. 3 . The gaps in Fig. 5(a) are due to the relic density constraint as can be seen from Fig. 3(c) and Fig. 3(e) . The DAMA region [1] , the lower limit achieved by CDMS [2] and the future lower limits that may be achieved [4, 5] are also exhibited. First, one finds that the allowed neutralino range is significantly reduced in this scenario with mass range limited to less than 65 GeV. Second, one finds that the parameter space of the model can be fully probed by the proposed future dark matter detectors [4, 5] . In this model σ χp (scalar) lies in the range
In Fig Again as in the 24 plet case all of the parameter space of this model can be fully probed by the proposed future dark matter detectors [4, 5] . In this model σ χp (scalar) lies in the
In Fig. 5(d) we give a plot of σ χp (scalar) vs tan β. Here since tan β does not vary over a wide range one does not see a large enhancement of σ χp (scalar) with tan β in this limited range. Finally, we discuss σ χp (scalar) for the 54 ′ case. In Fig 
Conclusions
In this paper we have given an analysis of supersymmetric dark matter under the constraint of Yukawa coupling unification with µ > 0. The constraints of b → s + γ and the revised g µ − 2 constraint taking account of the recent reevaluation of the light by light hadronic correction were also imposed. The analysis was done exploiting the recently discovered region of the parameter space which utilizes nonuniversal gaugino masses and leads to negative corrections to the b quark mass necessary for Yukawa coupling unification with µ > 0. We considered scenarios with SU (5) and SO (10) unifications. Within SU (5) we considered nonuniversalities arising from the 24 plet representation of SU (5) which allow for significant regions of the parameter space consistent with b − τ unification so that δ bτ ≤ 0.3 for µ > 0 consistent with other constraints. This scenario limits the neutralino mass range to lie below 65 GeV and within this range a significant part of the parameter space is consistent with the relic density constraint. An analysis of the neutralino-proton scalar cross section reveals that the allowed range of cross sections can be fully probed by the proposed future dark matter detectors. Within SO (10) we considered nonuniversalities arising from the 54 plet representation of SO (10) which allow for significant regions of the parameter space consistent with bτ, bt and tτ unification constraints such that δ bτ , δ bt , δ tτ ≤ 0.3 for µ > 0 consistent with other constraints. In this case one finds that the neutralino mass range extends till 80 GeV and again the analysis of neutralino-proton scalar cross section shows that the allowed range of cross sections can be fully probed by the proposed future dark matter detectors. One of the important features of models with b − τ unification explored here is a relatively low lying light Higgs boson with mass lying below 115 GeV. This mass range would certainly be explored by RUNII of the Tevatron. Further, the entire sparticle spectrum predicted in the class of models with b − τ unification discussed here would be accessible at the LHC. It would be interesting to explore SUSY signals such as the trileptonic signal [55] at colliders from this model. But such an investigation is beyond the scope of this paper.
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